
0 = axial position 
Ro 

X = sphere 

= evaluation of the function a t  
R = Ro 
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Unsteady State Heat Transfer in 
Stationary Packed Beds 

PARK M. REILLY 

Polymer Corporation, Limited, Sarnia, Ontario, Canada 

dehydrogenation catalyst is described. 

Passage of a fluid through a bed of 
granular solid is of common occurrence 
in chemical engineering practice. Several 
mathematical treatments of unsteady 
state heat transfer in this situation have 
been published. Schumann (1) developed 
the basic differential equations and 
presented a solution for the case of 
uniform initial solid temperature and 
constant entering fluid temperature. His 
work was extended by Furnes (i?), Gold- 
stein ($), and others. More general cases 
have been covered by Amundson (4, 6) .  
One (4) considers the unsteady state with 
arbitrary initial solid temperature and 
also arbitrary inlet fluid temperature a t  
any time. This publication was presented 
as a solution to a problem in adsorption, 
but the mathematical statement is 
identical with that for the heat transfer 
problem. A more recent publication by 
Amundson (5) covers much more general 
cases where heat may be produced or 
absorbed in the bed, simultaneously 
transferred through the wells of the 

A new solution is presented of the diflerential equations describing unsteady state 
heat transfer in stationary beds of small granular solid particles through which a fluid is 
flowing. Arbitrary initial solid temperature distribution and arbitrary variation of inlet 
gas temperature are allowed. The solution presented appears easier to apply in practice 
than those previously published and affords an example of the versatility of Fourier integrals 
and series. An application of the solution to the regeneration of Dow type-B butylene 

containing vessel, etc. 
All solutions published to date have 

been in terms of Bessel functions or other 
functions which are published for limited 
ranges of variables or a t  best for relatively 

widely separated values. Also, in most 
practical cases the more general solutions 
are quite laborious to apply. Presented 
here are two solutions of the same problem 
as that treated by Amundson (4) ,  but 
they are derived from Fourier integrals 
and Fourier series. The resulting mathe- 
matical forms are consequently easy to 
apply. Convergence is rapid in most cases. 
The series form of solution is an  approxi- 
mation but in most practical cases it is a 
very good one. In general, it is easier to 
use than the integral form, which how- 
ever is exact. 

The problem concerns a bed in the 
shape of a right porous prism (or cylinder) 
of granular material the initial tempera- 
ture of which is an arbitrary function 
of distance into the bed. A fluid, the inlet 
temperature of which is an  arbitrary 
function of time, is allowed to pass 
lengthwise through the bed a t  a uniform 
rate of flow, the sides of the bed being 
impervious to the fluid and to heat. The 
problem is to find the distribution of 
temperature in the solid material and in 
the fluid for all time if it is assumed that 

1. The gas and solid temperature are 
uniform across any section perpendicular 
to the axis of the prism. 

2. The solid particles are so small or 
have such high thermal diffusivity that 
any given particle may be considered as 
being a t  a uniform temperature at any 
instant. 

3. Compared with the transfer of heat 
from fluid to solid, the transfer of heat by 
conduction, convection, or mixing in the 
fluid itself or in the solid itself is small 
and may be neglected. 
4. The rate of heat transfer from fluid 

to solid at any point is proportional to the 
difference in temperature between fluid 
and solid a t  that point. 

5. Change in volume of fluid and solid 
due to change in temperature may be 
neglected. 

ti. The thermal constants are inde- 
pendent of the temperature. 

7. There is no generation or absorption 
of heat as latent heat, heat of chemical 
reaction, etc. 

DERIVATION OF EQUATIONS 

The basic differential equations de- 
scribing the problem, as derived by 
Schumann ( I ) ,  are 

Changing the independent variables to y 
and z gives 
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at, - = t, - t, 
az 

and from these 

By differentiating (3) with respect to 
z and (4) with respect to y and substitut- 
ing (5) in both cases, one obtains the 
following two equations: 

BOUNDARY CONDITIONS 

The boundary conditions are that the 
initial temperature distribution of the 
solid is an arbitrary function of position 
in the bed and that after the datum point 
in time the temperature of the gas enter- 
ing the bed is another arbitrary function 
of time. Expressed mathematically, these 
are 

t, = F,(y); 2 = 0 (8) 

t, = F,(z); y = 0 (9) 

SOLUTION 

The solution is obtained by first 
finding a solution for both t, and t, 
consistent with boundary condition (8) 
and assuming datum inlet gas .tempera- 
ture. Another solution is found consistent 
with boundary condition (9) and assum- 
ing datum initial solid temperature. The 

sum of these two solutions satisfies both 
boundary conditions for any temperature 
datum. 

A solution of Equation (7)  is found, by 
the method of separation of variables, 
to be 

t, = [. cosc(y - 6) 
-czz 

where a, b, and c are arbitrary constants. 
When z = 0, this reduces to t, = a 
cos cy + b sin cg. This form is the correct 
one for the formation of a Fourier 
integral which will converge to Fl(y) 
at z = 0 as required by boundary con- 
dition (8). It can be shown that this 
expansion is normally permissible under 
the conditions of this problem. 

The solution shown above has no term 
containing t , .  In order to produce a 
solution of this type consistent with 
datum inlet gas temperature, a means is 
used which can best be explained from 
a physical point of view. A bed of solid, 
infinitely long, and initially a t  uniform 
datum temperature throughout is imag- 
ined to lie ahead of the real solid bed. 
This will have the effect of adjusting 
the gas temperature entering the real 
bed to the datum temperature. The 
mathematical justification for this step 
will be indicated later. Also, to make the 
Fourier integral converge, the solid from 
the outlet end of the real bed to infinity 
in the positive direction is considered to 
be a t  datum temperature. Boundary 
condition (8) can then be expressed, in 
complete form, as follows: 

t d y ,  0) = 0 Y < O  

= F,(y) 

= o  Y < Y  

0 < y < Y 

Fig. 1. Calculated temperatures of solid packing. Inlet fluid temperature = 1,150'F. 

A solution of Equation (7) consistent 
with this condition can be made by 
properly choosing the constants a, b, 
and c to expand the solution into Fourier 
integral form, which is 

t, = Jrn [&) cos (y. - - 1 + a2 
%- za ) 

If Equation (10) is differentiated with 
respect to z and substituted into Equa- 
tion (4), the following expression for 
t ,  results. 

It can be shown that for all positive z, 
the preceding expression converges to 
t, = 0 at y = 0. This is the mathematical 
justification for the assumption of an 
infinite imaginary bed initially a t  datum 
temperahre ahead of the real one. 

By a method similar to that used to 
develop Equations (10) and (ll), ex- 
pressions for t ,  and t ,  can be developed 
for datum initial solid temperature based 
on Equation (6) and boundary condition 
(9). The condition of datum initial solid 
temperature is achieved by a device 
analogous to the imaginary bed used 
previously. Here it is assumed that gas 
of datum temperature has flowed through 
the actual bed for an infinite time before 
the zero of time. The following equations. 
result: 
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.exp - ~ da (13) 
1 + a  

I 2 7 0  

1 2 6 0  

1 2 5 0  

l P 4 0  

p(a) and q(a) are as defined below. 
For any temperature datum, the 

expressions for t, will be the sum of 
Equations (10) and (12). Similarly, tg 
is given by the sum of Equations (11) and 
(13). The final solution, then, which 
satisfies Equations (6) and (7) and bound- 
ary conditions (8) and (9) for any 
temperature datum is 

. 

---___- SANE INITIPL TEMPERATURE OISTRIBUTIOM I 5  FIG. I 
INLET FLUID TEMPERATURE S 115OOF 

SOLID TEMPERATURE 
.. ........- GbS TEYPERATURE 

I . 

Fig. 2. Calculated temperature of solid packing and gas at a point 5 ft. from fluid entrance 
into bed. Same initial temperature distribution as  Figure 1. Inlet fluid temperature = 

1,150'F. solid temperature, - - - - - - - gas temperature. 

where y and z greater than Y the approximation 
fails completely. In practice, this is not 
usually an important limitation because 
values of v Rreater than Y are never of 

h(a) = F,(v)  sin 0171 dv  s,' 
a ( 4  = s," sin aY d r  

This solution can be shown to be mathe- 
matically identical to that of Amundson 
(4) ,  and Schumann's solution (1) can be 
shown to be a special case of that above. 

In  practice, the integrals involved in 
the solution are usually best evaluated 
graphically. 

FOURIER-SERIES FORMS 

An approach similar to those used in 
obtaining the foregoing exact forms 
can be used to produce approximate 
solutions derived from Fourier series. A 
solution for t ,  and 1, is found for datum 
inlet gas temperature as before by 
assuming an imaginary bed of solid a t  
datum temperature ahead of the real bed. 
Because of the finite range of convergence 
of Fourier series this bed can be of only 
finite length, and so the gas is brought 
only approximately to datum tempera- 
ture. In  actual cases the approximation 
is very good for y and z less than Y .  For 

interest and-those of z are not usually 
interesting. 

Similarly, the device of obtaining 
datum initial solid temperature by 
treatment of the solid with gas of datum 
temperature is true only as a good 
approximation and for y and z less than Y .  

The Fourier series forms are 
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TWRMOCOVPLE 5 FT. DOWN i N  BED. 

Fig. 3. Typical regeneration pattern for Dow type-B catalyst (observed). Thermocouple 5 ft. 
down in bed. 

where 

APPLICATION TO A 
COMMERCIAL REACTOR 

The series form of so lu t ip  has been 
applied to a system in which a mixture 
of steam and air is flowing downward 
through a bed of & in. cylindrical pellets 
of Dow type B butylene dehydrogenation 
catalyst under the following conditions: 

C, = 0.4S-B.t.u./(lb.)(OF.) 
f = 0.366 
X = 6 f t .  
p5 = 62.5 lb./cu. ft. 
C, = 0.24 B.t.u./(lb.)("F.) 
g = 225 lb./sq. ft.)(hr.) 
pg = 0.0714 Ib./cu. ft. 
The initial conditions used were that 

the solid was a t  1,300°F. for the top 6 in. 

Page 516 

and 1,200"F. for the remainder of the bed. 
Figure 1 shows the solid temperature 

throughout the bed initially and as 
calculated after the elapse of 25 and 45 
min. with the steam-air mixture entering 
at 1150°F. The heat transfer constant 
hs used in the calculation of Figure 1 was 
3,500 B.t.u./(cu. ft.)(hr./"F.). This is 
the approximate value indicated by the 
method of analogy with mass transfer 
quoted by Mcddanis ( 7 ) .  The broken 
line applies to the temperatures calcu- 
lated a t  45 min. and arises because z is 
greater than Y for this line. For this 
reason the broken part of the calculated 
line a t  45 min. is incorrect. 

Figure 2 is a plot of the calculated solid 
and gas temperatures a t  a point 5 ft. 
into the bed shown against a time base. 
Figure 3 shows a typical temperature 
history of a thermocouple shielded by a 
metallic well, a t  a point 5 ft. down in the 
bed under study. The solid temperature 
curve of Figure 2 was calculated in an 
attempt to explain the shape of the curve 
of Figure 3. There is reason to believe 
that very shortly after the beginning of 
the regeneration of the catalyst as 
described in a previous paper (6), the 
catalyst pellets are at temperatures 
approximately as described for the initial 
condition used for calculating Figures 1 
and 2 and that little or no heat is pro- 
duced or absorbed in the bed during the 
remainder of the regeneration period. 
The fact that the curve of Figure 3 is of 
the same general shape as the calculated 
one in Figure 2 substantiates the postu- 
late that the temperature "surges" as 
shown in Figure 3 are largely the result 
of a band of high pellet temperature 
passing down through the bed by heat 
transfer. 

GENERALIZATION 

Certain problems in mass transfer, 
such as some cases of chromatography, 
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some ion exchange processes, and some 
cases of drying by desiccant beds, are 
analogous to unsteady state heat transfer 
in packed beds. Where the analogy holds, 
the solutions developed here can be 
applied with appropriate changes in 
definition of the variables. 
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NOTATION 

C, = specific heat of fluid, B.t.u./ 
(lb.) (OF.) 

C. = specific heat of solid, B.t.u./ 
(lb.) ( O F . )  

f = void fraction of bed, dimension- 
less 

Fl(y) = t, a t  z = 0 
F&) = t, at y = 0 
g = mass velocity of fluid, lb./ 

h = surface heat transfer coefficient, 

s = effective heat transfer area per 

tg = temperature of fluid, O F .  above 

t, = temperature of solid, O F .  above 

2 = distance into bed in direction of 

X = total length of bed in direction 

(sq. ft.)(hr.) 

B.t.u./(sq. ft.) (hr./"F.) 

unit bulk volume of solid, ft.? 

datum 

datum 

fluid flow, ft. 

of fluid flow, ft. 
hsx Y =-- , dimensionless 
gc, 

Y = !?! dimensionless, the maximum 
gccJ 
value of y to be considered 

z -  - 2% (8 - *), dimensionless 
D . C .  , "  " 

2 

po 
p, 
8 = time, hr. 

= maximum value of z to be con- 

= density of fluid lb./cu. ft. 
= bulk density of solid lb./cu. ft. 

sidered 
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